We discuss some properties of a supersymmetric matrix model that is the dimensional reduction of supersymmetric Yang-Mills theory in ten dimensions and which has been recently argued to represent the short-distance structure of M theory in the infinite momentum frame. We use T-duality to describe the relationship between D-brane coordinatizations and gauge fields. We show that this connection suggests the equivalence between Wilson loop correlators and string scattering amplitudes. We describe a reduced version of the matrix quantum mechanics and derive the Nicolai map of the simplified supersymmetric matrix model. We use this to argue that there are no phase transitions in the large-N limit, and hence that S-duality is preserved in the full eleven dimensional theory.
The conventional understanding of the spacetime structure of string theory has drastically changed over the last few years. It has been recently realized that all ten dimensional superstring theories are related by non-perturbative dualities and that they can be thought of as originating, via Kaluza-Klein types of compactifications, from a single, eleven dimensional theory known as 'M theory' (see [1] for recent reviews). The dynamics of this theory are not yet fully understood. Some of the central objects in understanding the string dualities are non-perturbative, p-dimensional degrees of freedom known as Dp-branes [2] , on which the endpoints of strings can attach (with Dirichlet boundary conditions). The low-energy dynamics of a system of N parallel D-branes can be described by an N ×N matrix model obtained from the dimensional reduction of ten dimensional supersymmetric Yang-Mills theory with gauge group U(N) [3, 4] . The large-N limit of this matrix model has been recently conjectured to describe the small distance spacetime structure of M theory in the infinite momentum frame [5] . The explicit solution of this matrix model therefore has the potential of providing a non-perturbative description of the largely unknown dynamical objects describing the short distance behaviour of the full eleven dimensional theory [6] .
In this Letter we will discuss some basic properties of the supersymmetric matrix model introduced in [4, 5] . We describe how the D-brane coordinatization is explicitly realized by the supersymmetric Yang-Mills theory and the role played by T-duality in this context. We argue that the D-brane coordinates can be naturally determined in this way from gauge theory Wilson loops and that D-brane scattering amplitudes are equivalent to correlators of the Wilson loop operators. We then examine a particular reduction of the model proposed in [4, 5] to static D-brane configurations with transverse SO(8) rotational symmetry. We explicitly construct the Nicolai map associated with the supersymmetry in this reduced model and use it to analyse Schwinger-Dyson equations of the matrix model. We show that the results from this analysis are consistent with other known results of the D-brane field theory, and also that this simple approach gives some insights into the structure of the full matrix model. In particular, the reduced model seems to have no phase transitions in the large-N limit and S-duality is preserved in this representation of the full eleven-dimensional theory.
First, we discuss some aspects of the representation of systems of D-branes by Yang-Mills fields. Consider the gauged supersymmetric matrix quantum mechanics with action [4, 5] 
, Y ] is the temporal component of the gauge covariant derivative, the trace is taken over unitary group indices, and we have chosen units in which the string tension is α ′ = 1/2π. Here X i (t) = [X i ab (t)], a, b = 1, . . . , N, i = 1, . . . , 9, are N × N Hermitian matrices in the adjoint representation of U(N) which are obtained as the spatial components in the reduction to (0 + 1) dimensions of a (9 + 1) dimensional U(N) Yang-Mills field A µ (x, t), µ = 0, . . . , 9. They describe the collective coordinates of a system of N parallel D0-branes (with infinitesimal separation), and they transform under the vector representation of the rotation group SO(9) of the space transverse to the compactified eleventh dimension of the underlying supergravity theory. The superpartners of the matrices X i are the Majorana spinors ψ α (t) = [ψ α ab (t)], α = 1, . . . , 16, which transform under the 16-dimensional spinor representation of SO (9) , and under the adjoint representation of the gauge group U(N). The Dirac matrices γ i are the generators of the spin(9) Clifford algebra
in a Majorana basis. The coupling constant g is related to the eleven dimensional compacti-
where l P is the eleven dimensional Planck length.
The action (1) describes the short-distance properties of D0-branes in weakly-coupled type-IIA superstring theory [4, 6] . It was argued in [5] to be the most general infinite momentum frame action with at most two derivatives which is invariant under the U(N) gauge group and the full eleven dimensional Lorentz group. It is further invariant under the infinitesimal N = 1 supersymmetry transformation
where ε α are 16 global Majorana spinor parameters. There are another set of 16 supersymmetries which are realized trivially as δ ε ′ ψ α = ε ′α , δ ε ′ X i = δ ε ′ A 0 = 0, where ε and ε ′ are independent supersymmetry parameters. Together, these two sets of supersymmetry transformations (with slight modifications) generate the full 32-dimensional 16 ⊕ 16 representation of the super-Galilean group of the eleven dimensional theory in the light-cone frame. A number of properties of M theory have been verified using the action (1) [5] , [7] [8] [9] .
It may seem puzzling at first sight that a dimensionally-reduced gauge field A yields the appropriate D-brane coordinatization. What is intriguing though is that string theoretic Tduality is a key to this connection. If we compactify the first spatial dimension onto a circle S 1 R of radius R (or more generally several dimensions onto a torus), then the angular coordinate 
which are invariant under the large gauge transformations which wind around the compactified direction. The corresponding classical gauge field orbits are topological and lie in the interval
For each coordinate x i living on a circle S 1 R i there is a "dual" coordinate X i = α ′ A i which also lives on a circle S 1 r i but with a dual radius r i = α ′ /R i . As we have mentioned the ten-dimensional supersymmetric Yang-Mills theory describes the low-energy dynamics of open strings with Neumann boundary conditions. Under T-duality R → α ′ /R the Neumann boundary conditions are transcribed into Dirichlet boundary conditions. But this means that the topological gluon degrees of freedom are converted into the D-brane fields
describing open strings with Dirichlet boundary conditions. Thus the tendimensional gluon fields describe the dual theory of the D-branes and T-duality naturally identifies the topological orbits of the Yang-Mills fields as the D-brane coordinates. The role of T-duality in the matrix model (1) has also been addressed from other points of view in [8] .
A question which now arises is how to really measure the original angular coordinate x i given the gauge field coordinate X i . The solution is to consider more complicated objects, such as the abelian Wilson loops with a winding number n ∈ Z 6) or, in the case of a non-abelian gauge group, Wilson loops in different representations of U(N). Using these objects and T-duality one can in principle localize the coordinate x i through a superposition n∈Z W n [A] of different Wilson loops (using harmonic analysis on unitary groups in the general case). In fact, this construction demonstrates that the Wilson loops in the "N-theory" (i.e. ordinary open strings with Neumann boundary conditions) are equivalent to the vertex operators in the "D-theory" (open strings with Dirichlet boundary conditions). To see this, we expand the topological gauge field configuration of the low-energy description of strings on the compactified space in Fourier modes as
These dual fields are described by a (1 + 1) dimensional gauge theory that is also dimensionally reduced from the ten-dimensional supersymmetric Yang-Mills theory [8] . Then the Wilson loop (6) becomes
where p n = n/r = nR/α ′ is the momentum of the string winding mode in the compactified direction. Thus T-duality converts the non-commuting position matrices X i describing the D-brane configurations into gauge fields in the dual theory, and also the winding number of the topological gauge field modes into the string momentum in the compactified direction.
In the general case then, we can conjecture the equivalence between the string scattering amplitudes of the D-theory defined by correlators of the vertex operators and expectation values of the Wilson loop operators in the dual N-theory 2 ,
We now examine the problem of obtaining an explicit solution of the matrix model (1). For this, we further dimensionally reduce the theory described by (1) to a zero-dimensional N × N supersymmetric matrix model, i.e. we ignore the time dependence in (1) and work in the Weyl gauge A 0 = 0. This means that we are studying the model separately over each constant time slice describing a static configuration of the D0-branes. Alternatively, this reduction can be thought of as taking the high-temperature limit of the ten dimensional Yang-Mills theory, where we compactify the time direction and then take the limit in which the radius of compactification vanishes. This simplification has the advantage of eliminating nonlocal operators that would appear from the time-dependence. We shall discuss the inclusion of time-dependent fields at the end of this Letter.
With this further reduction, the partition function of the model is given by the finitedimensional matrix integral
We can expand the matrix integration variables in (10) in a basis T A of the unitary group as X i = X i A T A and ψ α = ψ α A T A , where A = 1, . . . , N 2 and the Hermitian U(N) generators satisfy
The integration over the Majorana fermions in (10) is Gaussian and can be evaluated explicitly using the Berezin integration rules for ψ α A . It produces a square root determinant determined by the representation of the adjoint action of X i , and (10) becomes
where the Pfaffian is taken over both the adjoint U(N) representation indices A, B = 1, . . . , N 2 and the spin (9) indices α, β = 1, . . . , 16. Here and in the following c N denotes an irrelevant numerical constant.
We would now like to exploit the supersymmetry (4) of the zero dimensional model to compute correlation functions of the matrix model. The problem that arises is that the number of bosonic and fermionic degrees of freedom do not match. This means that the supersymmetry is maximal, in that it holds even when the fields are off-shell. Normally, supersymmetry would require on-shell fields and the addition of auxilliary fields to make the number of physical boson and fermion modes equal. However, we can adjust things to match by exploiting the original interpretation of the matrices X i from the dimensional reduction of ten-dimensional supersymmetric Yang-Mills theory. The latter theory can be gauge-fixed and quantized in the light-cone gauge, after which there are only eight propagating gluon degrees of freedom corresponding to the various possible transverse polarizations. Since a Majorana-Weyl spinor in ten dimensions has eight physical modes, the minimal Yang-Mills action in ten dimensions is supersymmetric without the need of introducing auxilliary fields. Thus we match the collective degrees of freedom X i of the system of D-branes with the physical modes of the full Yang-Mills theory by reducing the target space degrees of freedom from nine to eight by setting X 9 = 0 and working in the Majorana-Weyl representation of spin (9) in the matrix model above. The constraint X 9 = 0 can be thought of as a light-cone gauge fixing condition in the nine-dimensional transverse space. Although not precise from the point of view of the M theory dynamics, this simplification produces a toy model that will shed light on some of the properties of the nine-dimensional theory that we started with 3 .
With this simplification we now exploit some features of the group theory for SO (9) . The Dirac generators of spin (9) 
where (γ i ) α α = (γ T i )α α , α,α = 1, . . . , 8, are the Dirac generators of spin (8) . The Clifford algebra (2) is then equivalent to the equations
and similarly with dotted and undotted chiral indices interchanged. The spin(8) Dirac gen-erators can be expressed explicitly as direct products of 2 × 2 block matrices by
 are the Pauli spin matrices. The remaining spin (9) Dirac matrix is then
The block decomposition (13) of the first eight gamma-matrices shows that the Pfaffian in (12) with X 9 = 0 becomes squared, with the spinor part of the determinant restricted to the spin(8) chiral indices. Then we can write the partition function as
This effective reduction to eight dimensions matches bosonic and fermionic degrees of freedom and allows us to exploit the supersymmetry in a simple way to completely solve the matrix model. Essentially it enables us to use the triality property of the eight-dimensional rotation group, i.e. that there exists automorphisms between the vector and chiral spinor representations of SO (8) .
We now label the eight spatial indices i as the chiral indices α,α of the spinor representation, and the first eight components of the 16-component spinor field ψ as the chiral parts ψ α and the last eight components as the anti-chiral parts ψα in the 8 s ⊕ 8 c decomposition of spin(9) above. The static reduction of the quantum mechanical action (1) can then be written in the standard form of an N = 1 supersymmetric field theory (after integration over superspace coordinates) as
where the super-potential is
The representation (17) can be derived using the symmetry properties of the gamma-matrices (15), the U(N) Jacobi identity
and the SO(8) Fierz identity
where we have introduced the spinor matrix
and similarly for (γ ij )βα.
The form of the action (17) identifies the Nicolai map of this supersymmetric field theory
From (17) we see that the Jacobian factor | det[∂W A k /∂X j B ]| −1 which arises in the change of variables X → W (X) in the partition function (16) will cancel exactly with the determinant that comes from integrating out the chiral fermion fields. The partition function is thus trivially a Gaussian Hermitian matrix integral and is formally unity,
The free energy log Z is thus trivially an analytic function of the coupling constant g everywhere and it does not exhibit any phase transitions, even in the large-N limit. Furthermore, the correlation functions which are invariant under the supersymmetry transformations (4) can be obtained by differentiating the free energy with respect to the coupling constants of the model (in an appropriate superspace formulation). Thus any supersymmetric correlator of the model vanishes, which is just the standard non-renormalization that usually occurs in supersymmetric field theories. The existence of the Nicolai map and these implied properties of the matrix model are essentially the content of the supersymmetric Ward identities.
The only observables of the matrix model which are non-trivial are those which are not supersymmetric. To examine such correlation functions, we use the Nicolai map (22) to express correlators · of the original matrix model (normalized so that Z = 1) as free Gaussian averages · of the Nicolai field. For instance, from W ab i = 0 we deduce [X i , X j ] ab = 0.
This means that the classical ground state of the model (the minimum of the bosonic potential i<j tr[X i , X j ] 2 ) is that wherein the D-brane coordinates commute and have simultaneous eigenvalues corresponding to definite D0-brane positions. The full matrix model, which incorporates quantum fluctuations about the classical ground state, thus describes smeared-out D0-brane configurations in a spacetime with a non-commutative geometry [4, 5, 8] .
More generally, we note that the Nicolai map X → W (X) is many-to-one, so that general correlators of the X matrices can have a multi-valued branch cut structure. To see if this is the case, we use the Nicolai field to write down a set of Schwinger-Dyson equations for the matrix model. The basic identity follows from the formula for Gaussian averages of products of even numbers of the fields W ab i ,
where Π contains the sum of delta-functions over all permutations of indices. The deltafunctions in the indices i k come from the SO (8) invariance of the reduced matrix model, while those in the indices a k , b k arise from U(N) invariance. The non-vanishing correlation functions of the model are those which respect both of these symmetries.
As an explicit example, we set n = 2 in (24) and sum over i 1 = i 2 , i 3 = i 4 and a 1 = b 2 ,
In the large-N limit, the expectation value of a product of invariant operators factorizes into a product of correlators. Thus at N = ∞ (25) becomes i,j tr N X i , X j 2 2 = 2 10 g 4
On the other hand, setting i 1 = i 3 , i 2 = i 4 and the a's and b's equal in the same way as above,
Combining (26) and (27) together we find that the large-N invariant variance of the SO (8) operator tr N [X, X] 2 is trivial,
Similar other such identities can be derived for higher-order correlators of the X-fields. In this formalism, it is also possible to treat n-point connected correlation functions of the model.
The forms of the correlators above (and in particular (28)) seem to suggest that all non-vanishing observables in this model are analytic functions of the coupling constant g at N = ∞. This in turn implies that the large-N limit of the matrix model exhibits no phase transitions as one continuously varies g. As the relationship with M theory dynamics is eventually obtained in the uncompactified limit where R → ∞ [5] , the Nicolai map demonstrates explicitly that this limit can be taken unambiguously since there is no variation in the analytic structure of the large-N solution. Moreover, the absence of phase transitions suggests that S-duality g → 1/g is maintained in the large-N limit of the matrix model above. A more precise examination of these properties requires the inversion of the Nicolai map (22) to get X(W ), which would enable one to compute arbitrary non-supersymmetric correlators of the matrix model. The problem in trying to construct this inverse map is that generally W = 0, corresponding to the fact that the D-brane coordinates live in a non-commutative spacetime, so that it is not possible to simultaneously diagonalize the X i 's and find the relationship between the eigenvalue models for the W and X fields. The entire non-triviality of the matrix model lies in the correlators of invariant combinations of the operator X(W ). It would be interesting to determine this inverse map, and use it to examine the properties of the Wilson loop correlators that we discussed earlier in addition to the large-N analyticity features of general correlators of the matrix model. In any case, we have formally described a method in which one can study features of the string scattering amplitudes (9).
The results described above are only precisely valid with both the elimination of the temporal dimension and the reduction to an SO(8) spacetime symmetry group. If we reintroduce the time dependence of the matrix variables then the Nicolai map is determined as the nonlocal, time-dependent functional W i (t) = D 2 t X i (t) − W i (X(t)) with W i given in (22). Then the partition function yields the winding number of the multi-valued Nicolai map. The above results from the reduced matrix model, such as the analyticity in the coupling constant g, and hence the S-duality in the eleven dimensional compactification, show that the simple method discussed above has the potential of providing some insights into the structure of M theory.
It would be interesting to see if the reduced matrix model can describe other features, such as membrane interactions [7] , of the eleven dimensional theory. It would also be interesting to determine if the Nicolai map obtained above can be used to describe any properties of the ten dimensional supersymmetric Yang-Mills theory itself.
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